Nonlinear Kronig-Penney model has been frequently employed to study transmission problem of electron wave in a nonlinear electrified chain or in a doped semiconductor superlattice. Here from an integral equation we derive a novel exact solution of the problem, which contains a simple nonlinear map connecting transmission coefficient with system parameters. Consequently, we suggest a scheme for manipulating electronic distribution and transmission by adjusting the system parameters. A new effect of quantum coherence is evidenced in the strict expression of transmission coefficient by which for some different system parameters we obtain the similar aperiodic distributions and arbitrary transmission coefficients including the approximate zero transmission and total transmission, and the multiple transmissions. The method based on the concise exact solution can be applied directly to some nonlinear cold atomic systems and a lot of linear Kronig-Penney systems, and also can be extended to investigate electron transport in different discrete nonlinear systems.
I. INTRODUCTION
With the advances of new technology and experimental techniques in material science, more and more artificial materials with special structures and properties have been invented, such as a variety of semiconductor heterostructures and strained layer superlattice materials [1] [2] [3] . As we known, lattice constants of many superlattice materials are in the same order of magnitude as electron wavelength, so quantum effect becomes significant in the related works. Research on electron wave propagation through a series of potential barriers, as a fundamental problem of quantum mechanics, is widely applied to study electronic transport properties in synthetic materials, including the electron wave propagation in doped semiconductor superlattice materials with nonlinearity [1, [4] [5] [6] [7] [8] [9] [10] [11] [12] . Many interesting phenomena are found, such as the localization or superlocalization properties [9, 10, [12] [13] [14] [15] , resonant tunneling of electron wave [8, 12, [16] [17] [18] , multistability in the current-voltage characteristics [7] and chaotic behavior caused by nonlinearity [4, 6, [19] [20] [21] [22] . Transmission coefficient is related to electronic conductance or resistance [23] [24] [25] , which plays an important role in the research of electronic transport properties. For a superlattice system modeled by a nonlinear Kronig-Penney (KP) equation with a homogeneous electric field (linear potential) [7] [8] [9] [10] , the previous solutions contained some complicated nonlinear maps, and the previous expressions of transmission coefficient implied the ladder approximation of linear potential or the plane-wave approximation of the Hankel functions. Here our goal is to establish a concise and exact strategy for studying the electronic distribution and transmission of the system, and to find some novel results. * whhai2005@aliyun.com
The KP model is an analytically solvable model of a one-dimensional (1D) crystalline solid in which the electron-nuclei interactions are replaced by contact potentials of the Dirac-δ form [26, 27] . Such a model is greatly appreciated for its simplified structure in introducing external fields, which has been shown to be powerful in studying transport property of particles in the optical [27, 28] , graphene [29, 30] and semiconductor superlattices [13, [31] [32] [33] [34] [35] . The linear KP systems can be regarded as the reductions of the corresponding nonlinear KP systems with nonlinearity vanishing. The nonlinear KP model [1, 7-12, 21, 22, 36, 37] has wide applications which are partly implied in equivalent treatments of various nonlinear systems. One of the interesting examples is a cold many-atom system with spatially periodic interaction strengths [38, 39] , if the periodic functions fit the approximation: "the KP potential serves as a good model even for experiments with a single Fourier component" [28] . Another important example is a kind of discrete nonlinear systems originating from the tight-binding forms of nonlinear Schrödinger equations [21, 22, [40] [41] [42] [43] [44] [45] , which arises in many fields of physics and can be treated as equivalent systems of the nonlinear KP model [11, 21, 22, 34] . However, in the presence of the constant field and nonlinearity, exact transmission spectrum of the model is open to question [7] [8] [9] [10] . Therefore, our analytical method can be applied to accurately treat transmission problem of many different physical systems.
In this paper, we apply an integral equation established in Ref. [46] to seek concise exact solution of a 1D nonlinear KP model describing the underlying transmission problem of an electron wave in the doped semiconductor superlattice materials and interacting with a homogeneous electric field [7] , which is mathematically similar to that of a nonlinear electrified chain [8] [9] [10] . By using the novel exact solution, we find a new simple nonlinear map with recurrence relation connecting the transmission coefficient with boundary conditions and system parameters. According to the recurrence relation, we suggest a scheme for manipulating electronic distribution and transmission through the adjustments of the system parameters. An interesting phase coherence effect of quantum state is revealed in the strict expression of transmission coefficient which differs from the previous approximate results. The aperiodic probability distributions, energy spectrum, constant current densities and arbitrary transmission coefficients which include the approximate zero transmission and total transmission and the multiple transmissions, are illustrated. The method based on the exact solution render the control strategies more transparent, which can be extended directly to some nonlinear cold atomic systems and reduced linear KP superlattices. As an equivalent treatment the suggested control protocol could also be applied to investigate electron transport in many different discrete nonlinear systems.
II. EXACT SOLUTION OF THE NONLINEAR KRONIG-PENNER MODEL
We would like to study transmission problem of an electron wave in doped semiconductor superlattice and interacting with a homogeneous electric field. Due to the nonlinearity of a self-consistent potential used to describe the interaction of the effective electrons with charge accumulation in the ultrathin doped layers [7] , quantum dynamics of the system is governed by the 1D nonlinear KP model [7] [8] [9] [10] 
Here the spatial coordinate x and probability density |ψ(x)| 2 have been normalized in units of the lattice spacing λ and its inverse 1/λ. Consequently, the eigenenergy E, electric field F , δ-lattice potential strength β and the nonlinearity intensity α are, respectively, in units of E r , E r /λ, E r and λE r with E r = 2 mλ 2 being the recoil energy; the integer L is the number of doped layers in the superlattice. For the considered semiconductor superlattice material with lattice spacing λ = 2nm [7, 9] and electronic effective mass [47] m = 0.067m e with m e being the electronic rest mass, the recoil energy is E r ≈ 0.2848eV. When the nonlinearity intensity is set as zero, Eq. (1) is reduced to a linear KP system [31] [32] [33] [34] . The multistability in the current-voltage characteristics, localization or superlocalization properties and resonant tunneling of electron wave for system (1) have been studied, by establishing some complicated nonlinear maps and using approximate treatments of the transmission coefficient [7] [8] [9] [10] . Here we will seek concise exact solution of the system, and employ them and the strict definition of transmission coefficient to transparently control the electronic distribution and transmission.
Further we define z(x) = with two linearly independent solutions [7] ϕ
where H is due to considering the simplicity of the integral equation (4) and its exact solution.
Now we can use the method of integral equation presented in Ref. [46, 48] to construct exact solution of Eq. (2) . Assuming the electric field is applied in the spatial range 0 ≤ x ≤ L of the doped semiconductor, in terms of the functions in Eq. (3), the integral equation corresponding Eq. (2) reads
where the summations vanish for x < 1, function (4) and making use of the Wronski determinant ϕ · ∂ x φ − φ · ∂ x ϕ = 1, we can easily prove that the integral equation (4) is completely equivalent to the differential equation (2) . Taking the first derivative ψ x (x) from Eq. (4) and completing the integrals in ψ(x) and ψ x (x), we arrive at the exact solution and its first derivative
with n − 1 = [x]. Note that the summations vanish for x < 1. Such exact expressions can be rewritten in the forms
where the integral constants A n and B n are related to the electronic probability distribution and transmission coefficient, which satisfy the relation between (A 1 , B 1 ) and (A n , B n )
This relation implies the nonlinear map connecting (A n+1 , B n+1 ) with (A n , B n ),
is related to A n and B n by Eqs. (6) and (3). The recurrence relation of Eq. (8) is very simple compared to the previously established nonlinear or linear maps without the ladder approximation [7, 33] or with the ladder approximation [8-10, 34, 44] , because of the simplicity of our exact solution. Given Eq. (8), one can easily prove that the exact solution satisfies the continuity condition of ψ(x) and the jumping condition of ψ x (x) at any spatial singular point x = n of Eq. (2), [7, 33] 
where n + and n − denote, respectively, n + ǫ and n − ǫ for 0 < ǫ ≪ 1. In the calculations, the continuity of φ(x), ϕ(x) and Wronski determinant φ x (n)ϕ(n) − ϕ x (n)φ(n) = 1 have been employed. The agreement between Eq. (9) and the direct first integration of Eq. (1) over a delta confirms the correctness of the exact solution.
From Eqs. (3), (6) and (8) we find that for the given boundary conditions
and a set of fixed system parameters, constants A n , B n and the corresponding eigenenergy E can be obtained for any n obeying 2 ≤ n + 1 ≤ L. Thus Eq. (8) contains the connection of probability distribution and transmission coefficient with boundary conditions and system parameters. Combining the analytical expressions with simple numerical calculations, we suggest a scheme for manipulating electronic distribution and transmission by adjusting system parameters as follows.
III. MANIPULATING ELECTRONIC DISTRIBUTION AND TRANSMISSION
Considering an incident electron wave coming from the left towards the nonlinear doped semiconductor superlattice extending over L lattice sites and noticing the electric field range 0 ≤ x ≤ L, our transmission problem can be defined as the following [43, 44] 
Here the left wave function ψ l (x) is a superposition of the incident plane wave R 0 e ik(x+a) and reflected plane wave R 1 e −ik(x+a) with the corresponding real amplitudes R 0 , R 1 , wave vector k and phase a. The right plane wave ψ r (x) is the transmitted wave with the real amplitude T , wave vector k and phase b. The amplitudes, wave vector and phases are normalized in units of 1/ √ λ, 1/λ and λ, respectively. In the range 0 ≤ x ≤ L of the doped semiconductor sample, the center electronic state ψ c (x) obeys Eqs. (6) and (8) . The signs "≤" and " ≥ " in Eq. (10) describe the continuity of wavefunction at the sample boundaries x = 0, L.
It is well-known that for given ψ l (x), ψ r (x) and fixed system parameters (F, α, β, L), a set of electronic states and eigenenergies [7, 21] can be determined by the boundary conditions of the sample at x = 0, L. The usual treatment of a transmission problem consists of finding the reflected and transmitted amplitudes, in terms of the incident amplitude and energy. The approximate transmission coefficient and current-field characteristic of the system have been investigated based on some given parameters and fixed energies [7, 9] . The method to invert the problem by fixing the output and then calculating the input has also been employed [8, 10, 21, 43, 45] . We are interested in the electronic exact distribution and transmission by solving the inverse problem: for priori prescribed incident wave amplitude R 0 and reflected wave amplitude R 1 with an adjustable phase a and for a set of fixed values of eigenenergy and system parameters (E, F, α, β, L), we seek the electronic states ψ c (x), ψ r (x) and suitable superlattice length L which fit the boundary conditions ψ c (0) = ψ l (0) and ψ c (L) = ψ r (L). Noticing the conservation formula of probability [43, 44] 
, clearly, the results based on the inverse problem can display useful relations connecting the electronic distribution and transmission coefficient with the system parameters.
In fact, from the exact solution (6) with Eqs. (3) and (8) 
and ψ r (x) are the correct solutions of the inverse problem. Through such a method we will reveal that the exact solution enables us to conveniently manipulate the electronic distribution |ψ c (x)| 2 and the well-defined transmission coefficient [22, 44] 
. According to the above analysis, after fixing a set of parameters (E, F, α, β) and priori prescribing plane wave ψ l (x) with known parameters (R 0 , R 1 , k) and R 2 0 − R 2 1 = T , we solve the transmission problem along the two steps:
Step 1. We firstly determine the constants A 1 , B 1 by adjusting phase a and solving the left-boundary equation of Eq. (10) at x = 0,
where functions ϕ(x) and φ(x) are fixed by Eq. (3). To simplify, we select R 0 , R 1 , k, a as positive real constants, and real A 1 and imaginary B 1 to obey (11) and (12) mean that
The first of Eq. (13) gives the undetermined constant a, and the other two equations result in values of |A 1 | and |B 1 |. In the case of arg[ϕ(0)] < 0, the formulas similar to Eq. (13) are produced as
which give the different constants a, |A 1 | and |B 1 |. Given
Step 2. We then determine appropriate values of the length L and phase b which fit the right-boundary condition of Eq. (10) 
where the continuity condition of ψ c (x) at x = L has been adopted. It is interesting to find that different L values can fit the same amplitude equation of Eq. (15),
because of the phase coherence between the wave components A L ϕ(L) and B L φ(L). Note that in Eq. (16) the amplitude T of transmitted wave is an exact result, in contrast to the earlier approximate treatments [7] [8] [9] [10] . In Ref. [7] , only the A L term is counted due to the planewave approximation of the Hankel functions, so such a phase coherence is ignored. For a L value derived from Eq. (16), the corresponding value of phase b is determined easily by the argument equation of Eq. (15) arg
Here different length L is associated with different phases arg[ψ c (L)] and b, since a single T value in Eq. (16) can be related to multiple transmitted waves of different phases in Eq. (17) . So far the electron waves ψ c (x) and ψ r (x) have been determined completely for any obtained L value. The corresponding probability density and current density can be calculated. Such a length L may be used in preparation of the doped semiconductor superlattice. It is worth noting that in the inverse problem the trans-
has been priori prescribed [8] by using the amplitudes R 0 , R 1 of the incident and reflected waves. Therefore, we can take three different cases of the same incident wave as examples to show the effects of the system parameters on the electronic distribution and transmission.
Case 1: General transmission with 0 < t < 1. At first, we arbitrarily take the eigenenergy and system parameters (E, F, α, β) = (1, 0.01, 0.015, 0.025) and the leftplane-wave parameters (R 0 , R 1 , k) = (0.2822, 0.1, 1) to prescribe the transmission amplitude T = R 2 0 − R 2 1 = 0.2639 and transmission coefficient t = 1 − R Fig. 1(a) . From Eq. (17) the corresponding phases are obtained as b = −6.5656, −44.5328, −46.5050, .... In Fig. 1(a) we plot the probability density |ψ c (j)| 2 of the discrete coordinate x = j = 1, ..., L as the dotted curve, where the solid line indicates the value T 2 ≈ 0.0696. Clearly, there exist some dots coinciding with the solid line, which mean that the corresponding multiple values of length L satisfy the right-boundary condition |ψ c (L)| 2 = T 2 . The used energy E = 1(E r ) ≈ 0.2848eV is in the same order as those adopted in Ref. [7, 9] . For the obtained lattice length L = 6 and the above other parameters, we plot the exact electronic distribution in Fig. 1(b) by using Eq. (10) and the exact solution (6) with Eqs. (3) and (8) . Here the relative probability densities
and |ψ c (x)| 2 /R 2 0 are plotted by the short dashed line and solid line, respectively, and the transmission coefficient t is labeled by the long dashed line. In the spatial range x ≤ 0, the superposition of the incident wave and reflected wave with wave vector k results in the spatially periodic density |ψ l (x)| 2 . While the probability density of the transmitted plane wave is a constant at the right side with x ≥ L = 6. Inside the doped semiconductor superlattice, 0 ≤ x ≤ L, the exact electronic distribution |ψ c (x)| 2 is near-periodic, because of the small difference F ∆x = F L = 0.06 of the aperiodic linear potential. At the boundary points x = 0, L, continuity of the wavefunction is displayed in Fig. 1(b) . The phase coherence between two wave components of ψ c (L) in Eq. (15) leads to the suitable transmission coefficient. Inside the doped material, the probability current density reads [11, 31] −
− → e x with ω r = E r / being the recoil frequency and − → e x the unit vector in x direction. The negative current density means the electronic motion along the x direction. With the similar approach used in Fig. 1(b) , for the obtained lattice length L = 17 and the other parameters of case 2, we plot the exact electronic distribution in Fig.  2(b) , where the relative probability densities
and transmission coefficient t are periodic, near-periodic and constant, respectively. The coherence destruction between the wave components of ψ c (L) results in the approximate zero transmission. In the zero transmission case, we get the probability current density j ≈ 0 of electron wave, which means that the incident wave is completely reflected and electron transport cannot occur in the doped material.
Case 3: Approximate total transmission with t ≈ 1.
When the eigenenergy and system parameters (E, F, α, β) = (1, 0.01, 0.02, 0.415) and the left-planewave parameters (R 0 , R 1 , k) = (0.2822, 0.001, 1) are adopted, the transmission amplitude T ≈ 0.2822 and transmission coefficient t ≈ 1 are prescribed. Then the constants A 1 = 0.0027, B 1 = −0.2985i, a = 1.2766 are given by the above step 1. The above step 2 leads to the appropriate values of the lattice length as L = 11, 15, 45, 59, ... which are shown in Fig. 3(a) . The corresponding phase values become b = −9.8816, −12.1483, −45.0147, −61.0805, ... based on Eq. (17) . For the obtained lattice length L = 11 and the above other parameters, we also plot the exact electronic distribution in Fig. 3(b) . Here the relative probability densities of both the incident and transmitted waves are approximately one, and aperiodicity of the electronic distribution is intuitive inside the doped material. The approximate total transmission is induced by the coherence construction between the wave components of ψ c (L). Similarly, we calculate the probability current density j ≈ −0.113ω r in the case of total transmission, which means the electron transport occurs along the x direction in the doped material.
Comparing the probability current densities in the three cases with the same incident wave and different transmission coefficients, we find that the current densities in the superlattice material are positively related Fig. 3(b) , the relative probability density versus x is plotted for the obtained lattice length L = 11, where the aperiodic electronic distribution in the doped material and the approximately same incident and transmitted plane wave are displayed.
to the transmission coefficients. While the transmission coefficients are associate with the conductance G of the doped material, through the Landauer formula [7, 14, 24] G ∼ t/(1 − t). The approximate zero transmission and total transmission correspond to the approximate zero conductance and zero resistance, respectively. Generally, the transmission coefficients are adjusted by the system parameters (F, α, β, L), which means that the conductance of the doped material can be controlled by the external fields. The exact solution (6) with Eqs. (3) and (8) supplies a more transparent control strategy. The dependence of transmission coefficient on material length is one of interesting topics [9, 10, 45] . As an instance, we investigate the effects of material length on transmission coefficient and eigenenergy as follows.
Transmission spectrum and multiple transmissions. In order to show the connections of transmission coefficient t and eigenenergy E with the material length L, we plot Fig. 4 for the system parameters F = 0.01, α = 0.02, β = 0.415 and the same incident wave with amplitude R 0 = 0.2822 and wave vector k = 1. In Fig. 4(a) with (8, 28, 35, 46) This multivaluedness of t means that the multiple transmissions may occur in the exact treatment, due to that the linear superposition principle is no longer valid in the nonlinear case, so T is not uniquely defined by R 0 [7, 8] . Note that the chosen nonlinearity intensity α = 0.02(λE r ) ≈ 0.1136Å eV is sufficiently weak to lose sight of the multiple transmissions in the approximate treatment without the considered phase coherence [7] . Energy spectrum. In Fig. 4(b In the ladder approximation, the similar multivaluedness of energy was associated with the nonlinear Stark ladder resonance which leads to electronic resonant tunneling between minibands [8] . For t = 1 and any fixed L our multiple energies are based on the exact solution and can deviate from the energy resonant peaks of the approximate transmission coefficient. Similarly, we also can derive the relations between transmission coefficient and other system parameters. Given these relations, we can provide different schemes to manipulate electronic distribution and transmission, through adjustments of the system parameters.
IV. CONCLUSION
We have used a nonlinear KP model to study the manipulations of probability distribution and transmission of an electron wave in a doped semiconductor superlattice and interacting with a homogeneous electric field. By applying an integral equation to seek concise exact solution of the system, we have established a new simple nonlinear map with recurrence relation connecting the strictly-defined transmission coefficient with the boundary conditions and system parameters, in contrast to the earlier complicated recurrence equations and approximate transmission coefficients. Based on our recurrence relation and boundary conditions, we have testified an interesting phase coherence effect of quantum state in the strict expression of transmission coefficient, by which for some different system parameters we have obtained the similar aperiodic electronic distributions, different energy spectra and constant current densities, and arbitrary transmission coefficients including the approximate zero transmission and total transmission, and the multiple transmissions.
The method based on the concise exact solution render our control strategies more transparent, which not only can be applied to some nonlinear cold atomic systems [38, 39] but also can be extended to investigate electron transport in different discrete nonlinear systems [21, 22, [40] [41] [42] [43] [44] [45] . By letting the nonlinearity strength be zero, our analytical method also can be directly applied to a lot of linear KP superlattice systems subjected a dc electric field, including the optical [27, 28] , graphene [29, 30] and semiconductor superlattice systems [31] [32] [33] [34] .
The considered model can even be modified to study other heterostructures in an electric field, such as a superlattice consisting of alternative n-and p-type doped layers [7] , and a nonlinear electrified chain with a disorder potential [9, 10] .
